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General Instructions

e Reading time — 5 minutes

e Writing time — 3 hours

e Write using black or blue pen.

e Board-approved calculators and tem-
plates may be used.

e A list of standard integrals is provided
at the end of the examination paper.

e All necessary working should be shown
in every question.

e Start each question in a new booklet.

Structure of the paper
e Total marks — 120
e All eight questions may be attempted.

e All eight questions are of equal value.

Checklist
e SGS booklets — 8 per boy
e Candidature — 85 boys

Collection

e Write your candidate number clearly
on each booklet.

e Hand in the eight questions in a single
well-ordered pile.

e Hand in a booklet for each question,
even if it has not been attempted.

e If you use a second booklet for a ques-
tion, place it inside the first.

e Place the question paper inside your
answer booklet for Question One.

Examiner
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QUESTION ONE (15 marks) Use a separate writing booklet. Marks

]

1
(a) Find the exact value of/ xe ¥ dz.
0

1
(b) Find / dx
Va2 — 12z + 61

s

4
(c) Evaluate / sec’ z tan x du.
0

]

[ee]

.CCQ

1
d) Use the substitution = v/2sin 6 to find the exact value of / —duz.
(d) A

(=]

=]

: z(r +9)
(e) Find / @+ 3) @2 £9) dzx.

Exam continues next page ...
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QUESTION TWO (15 marks) Use a separate writing booklet. Marks

23 — 144
3—4

]

(a) Express in the form a + bi, where a and b are real.

]

(b) Find the two square roots of —16 + 30i.

(c) Let w=—v3+i.
(i) Express w in modulus—-argument form.

(ii) Show that w” + 512i = 0.

(o] [oo] ]

(d) Shade the region in the complex plane where |z + 2| < 2 and —% < arg(z +3) <
are simultaneously satisfied.

(e)

jus
3

Ima

P(z)

The diagram above shows the semicircular locus of the point P that represents the
complex number z.
Let arg z = 6, as shown on the diagram.

(i) Copy the diagram and on it show a vector representing z — 2.

-2
(ii) Explain why ‘Z—‘ = tan6.
z

-2
(iii) Show that arg (Z—) = g
z

Exam continues overleaf ...
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QUESTION THREE (15 marks) Use a separate writing booklet. Marks
(a)
VA
y=loge X
—
0 vl e X

The diagram above shows the region bounded by the curve y = log, =, the z-axis and
the vertical line x = e. The region is rotated about the y-axis to form a solid.

(i) Find the volume of the solid by slicing perpendicular to the axis of rotation.

(][]

(ii) Find the volume of the solid by the method of cylindrical shells.
(b) It is known that 5 + 64 is a zero of the polynomial P(x) = 22% — 192% 4 1122 + d,
where d is real.
(i) What are the other two zeroes of P(x)?
(ii) Find the value of d.

(2] [e] ]

(c) The polynomial equation 22> — 2° +5 = 0 has roots «, 8 and v. Find a polynomial
equation with integer coefficients whose roots are a®, 3% and ~°.

Exam continues next page ...
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QUESTION FOUR (15 marks) Use a separate writing booklet. Marks

(a)

The diagram above shows the horizontal square base of a solid. Vertical cross-sections
of the solid perpendicular to the x-axis are right-angled isosceles triangles with hy-
potenuse in the base.

(i) Find, as a function of z, the area of the typical cross-section standing on the
interval PQ).

(ii) Find the volume of the solid.

Exam continues overleaf ...
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QUESTION FOUR (Continued)

(b)

VA

3 3
In the diagram above, P (Bp, —) and @) (Bq, —) are variable points on the rectangular
p q

hyperbola zy = 9. The perpendicular distance from the origin to the chord PQ is

V/5 units. Let M be the midpoint of the chord PQ.

(i) Show that the chord PQ has equation x + pgy = 3(p + q).
(ii) Using the perpendicular distance formula, or otherwise, show that
9p+q)* =5(1+p°¢%).

5 2
(iii) Show that the locus of M has Cartesian equation 3* = ﬁ
w —_—

1,1 1
(c) Suppose that H(n) =145 +35+---+ -, forn=1,2,3,....
So H1)=1,H(2) =141, H(3) =1+ 1 + %, and so on.

Prove by mathematical induction that
n+H(1)+HQ2)+H3)+---+H(n—-1)=nH(n)
form=2,3,4,....

Exam continues next

page ...
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QUESTION FIVE (15 marks) Use a separate writing booklet.

2
(a) Solve the inequation 1 + 2z — 2 > =,
x

(b)
VA
P(acos6, bsind)

b

The diagram above shows the variable point P(acos 6, bsin ) on the ellipse
2 2
Tl
a b2
(i) Find the gradient of the tangent at P.

(ii) Show that the product of the gradient of the interval SP and the gradient of the
tangent at P is
cosO(1 — e?)
e—cosf

(iii) Prove that SP is never perpendicular to the tangent at P, provided that 6 # 0
or T.

(¢) (i) Use de Moivre’s theorem to find expressions for sin 30 and cos 36 in terms of sin ¢
and cos 6.
3tan d — tan3 0
1—3tan?0

(ii) Show that tan36 =

T

(iii) By letting # = {5 in part (ii), show that tan {5

is a root of the equation
* —32° —~3r+1=0.

(iv) Hence find the exact value of tan J5.

Exam continues overleaf ...
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QUESTION SIX (15 marks) Use a separate writing booklet. Marks

(a) Let I,, = /2 sin™ 6 do.
0

s

(i) Use integration by parts to show that I,, = (n — 1) / sin" "2 6 cos? 6 df.
0

-1
(ii) Hence show that I, = n—In_g, forn=2,3,4,....
n

] [=]

(iii) Find the exact value of Iy x I .

(b)

B

In the diagram above, triangle ABC' is right-angled at B. Its circumcircle is drawn,
with centre O. A point D is chosen on the circumcircle, then DE and DF' are drawn
perpendicular to AC' and AB respectively. The point G is the intersection of DB
and F'F.

NoOTE: You do not have to copy the diagram. It has been reproduced for you on

a tear-off sheet at the end of the paper. Insert the tear-off sheet into your answer
booklet.

(i) Explain why ADEF is a cyclic quadrilateral.

(ii) Let LDAE = 6.
Prove that AFGB 1is isosceles.

(iii) Prove that ODEG is a cyclic quadrilateral.
(iv) Deduce that OG is perpendicular to BD.

(][] [e][=]

Exam continues next page ...
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QUESTION SIX (Continued)

(c) Let P(z) be a polynomial of degree n, where n is odd.

k
It is known that P(k) = )

fork=0,1,2,....,n.

(i) Write down the zeroes of the polynomial (x + 1)P(z) — z.

(ii) Let A be the leading coefficient of the polynomial (z + 1)P(z) — x.

Factorise the polynomial, and hence find A.

(ili) Find P(n + 1).

QUESTION SEVEN (15 marks) Use a separate writing booklet.

(a)

In the rectangular prism above DC' = 2, AD =1 and AE = w. Angle « is the acute
angle between the diagonals AG and BH, which intersect at O. Let r be the ratio of

the volume of the prism to its surface area.

(i) Show that AG? =5 4 w?.

3 — 2

(ii) Show that cosa = ’5_‘_732|

iii) Show that r < % for all possible values of w.
3

1

O

(iv) If r > 1, prove that a < cos™

Exam continues overleaf ...

Marks
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QUESTION SEVEN (Continued)

b) A particle of mass 2 kg experiences a resistive force, in Newtons, of 10% of the square
g

of its velocity v metres per second when it moves through the air. The particle is
projected vertically upwards from a point A with velocity u metres per second. The
highest point reached is B, directly above A. Assume that ¢ = 10ms~2, and take
upwards as the positive direction.

(i) Show that the acceleration of the particle as it rises is given by

v2 + 200

T 20

(ii) Show that the distance x metres of the particle from A as it rises is given by

200 + u2)

v = 10log, (W

(iii) Show that the time ¢ seconds that the particle takes to reach a velocity of v metres
per second is given by

u v
t = \/5 tan ! —— — tan~ ! —) .
( 10v/2 10v/2

(iv) Now suppose that we take two of the 2kg particles described above.

One of the particles is projected upwards from A with initial velocity 10v/2ms™?,

then, ¥ seconds later, the other particle is projected upwards from A with

initial velocity 30v2ms™!. Will the second particle catch up to the first particle
before the first particle reaches its maximum height? You must explain your
reasoning and show your working.

Exam continues next page ...
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QUESTION EIGHT (15 marks) Use a separate writing booklet.

1+ cosa s o
Show that ———— =1t —— — .
(a) ow tha o an(2 2)

2 1
(b) LetI:/ — dx, where 0 < o < 7.
o l4cosasinz

(i) Use the substitution ¢ = tan § to show that

! 2
] o
o (t+cosa)?+ sin” «

(ii) Use the further substitution t+cos « = sin awtan v and the result in part (a) above

to show that I =

sina’

(¢) (i) Find, in modulus—argument form, the roots of the equation z

(ii) Hence factorise 2°" 4 2*"~! + ... 4+ 2% + 2 + 1 into quadratic factors with real

coefficients.

(iii) Deduce that

2" sin#Jrl sin 2211 -..sin 2:;]:1 =v2n+1.

END OF EXAMINATION

2n+1 — 1
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The following list of standard integrals may be used:

1
/:c”d:c: " on#£ -1, #£0,iffn<0
n+1

1
/—d:c:ln:c, x>0
x

a

1
/e‘””d:c:—e‘””, a#0
1.
/cosawdw:—smaw, a#0
a
) 1
/sma:cdw:——cosa:c, a#0
a
2 1
secardr = —tanazx, a# 0
a
1
/secawtanawdw:—secaw, a#0
a

1 1
/7d:c:—tan_1§, a#0

a? + 22 a a

1 . 1T
/ﬂd$281n E’ (I>O, —a<x<a
1
7d:c:ln<:c+ :c2—a2),w>a>0

VrZ — a2
1
_ 2 2
/ $2+a2dw—ln<w+ :c+a)

NOTE: Inx =log,z, x >0
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CANDIDATE NUMBER: .« .ttt et et e e e e

DETACH THIS SHEET AND BUNDLE IT WITH THE REST OF QUESTION SIX.

QUESTION SIX

(b)




() (a) So’ xe™ dx - [-7e

) § -

201]

Extension 2 Triad HSC Solat/ocns @
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] 5 WJCx-é)ﬁzs

/

= An (x-—é +\}:=-:zz+éf) LS

Cc) 5T5ec x tavwx dx
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1

1

S’"Sec .z(H tan x)'{:ﬂmx Ax\/
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@

(1)(&) Let % +9x N A , Bxs c /

(x+3)(x*+4) x+3 2+ 9
.zz+¢i_-x_ = A(xl-l-ﬁ) + (B)C +C)C’C+3)

lLet x= -3,
- 18- 184
Ax =

Let 2= O, /

0=-9 4+ 3C
c =23
let x =1,

r-lo + 4(B+3)
- B+3 =5
B-2

LT = (e (2
5 CJ(-J—,B)C;{-}»Q) o +3 sz"_q- Ax + To

- -4,“],“,3} .;.wa +‘F)+tm() |

4




®

69 +56 -420 +92¢

(2)&) 23- 14, 344
3.4 244 9167
/ - 125 +50¢
25 /
5+2.

L
-

Cb) Let ~16+30, = la +c'b)e.
45.‘: ’S /

a*- b3 =1t anwd

B_‘j L'n:recfw'an) (A)L) = C3)5> or (-3)"5)' /

So the two Square roots ae 3450 and -3-5

C:‘f) wl= Czc.,‘s-"?-—gz 1

. r
= Zq“s% /
¥4

= 5]2635";
. si2(0-0)
/ ==-512, |, so wq+ 5120 = O,
So w s a reot 0§ e eqguation éq\«-sui.-:o,
Im




(2X€>(I> Im o
The vecter AP
rep resents 5 -2.

V!sz 24(3-2)= 6+ 3
> Re

(i) LAPO = T (amgle in & semicircle)

So in A APO, | /
32| . lg-2|
¥ 3]
= tan @ .

Ciii) oy (5—;2- 225G —ang a

"



(2) (ﬂ)co J4

=g Cez-’— l> u

(3;')

Alx) = 2wrh
= 2'”'.1.:1/
= 2Tz 4
- T XNX /
So \/“5 2‘ﬂ"x€nxd’x

= 4=

= ﬂ"e"fﬂ,g - n" xalx /
- Te® W(—*e - "‘>

= Tle+1) w?

= -z'n'[,_ szx] —21r§—--z-

|

> A

In‘l*ea raboa l’_aj fﬂ 15 :

Lot

l
v

. ve

Let u"fmx
.u

o
-—

-Z

=X

! 2
—_—2
2



®©

<3)Cb)61) 5+éu - 5""4:,. JS a étra) ACCM.C-C al(//
tle coefficients of Plx) ave real
Let o¢ be +he 3rd 350,

(5460 +(5-4.;) toe = 4L

/

56, -

ol —

L
2
50 +L.¢;;uoe$ of Plx) are 5-+Ga,‘)

(f,) (suc)(s--g.,‘)(-;'—) - --;-Q /

d= 28 +3¢6
o
Ce) Let 3 5,/ 20 simely o
) e ws x| Se that o¢ = H/ r‘ep{dc,e xu.%xﬁ

The new e;;l/uaiv'on )’ S
2
2u - w? +5=-0

2
3

4
2 .

W°> = 2u+ 5
3/
w? = C2u+ 5)
Wtz 8ud i Cou? + ISou + 125 /
eu3+59. s 150w+ 125=0
Svace w ‘S a dumm.j V'Ma'abft) FAe re v

é/l/ule‘fﬂ‘on crn also be wri'tien as
8’x3 + 59> 4 1502 + 125 = 0O,



o
N
<<

1
A ¥ N
™\
™
I

X
A\
~
AL
X

-y
-‘.“

Se the eheedd PR has equa Bona

AN el
Piy = 34.= —x +3p |
X+ P4y = 3¢p +q,)

The p.u,mdo'cwiw Al stan ce £r0 m (0) 0) o ¥l
(e 2t P9Y -3Cp+1/>=0 1 J_,'; o ES
Se ’l_(o)+r1,(o)-3fp+q,)} N

)
_ | \]714("1,)2.
So | "BC?*‘]})} = J5<I+f"¢‘) )

°](r+1,)a = 5(!4-,9"1,") _

(iy

/

So



C+)(b)(;n') M s the pocnat (3r+31, -%-4--3) |

z L
2-
. (3 (pta)  3Cp+q)
z / 2,97/ .

So +he locus a-f M has pmw‘lwa'c e;l/ua/\"l'onj ‘/
x = 3___M+ )@ o ol g = 3(4""4/) @
Z 2Pﬁ/w
From @) r+7’ = 3_3-’5_ . /
Subst'tude cnto : - = fo - X
: @ g» P J qu y

1] "

part () to el the Cardesvan eguathon !
105 = s(1+ =)
i

2
4 :!4—-—:%: /
s

Y
x? _ ¢ -5
y* >
2 £ =
% 4x*-§

(c)yWha a=2, LHs= 24 HC) and RHS

2+ | /
= 3 - 2

So +he result 'S hrae Lor n= 2, )
Assume thal +he re sudt /5 Mue for the inlegar nz= K,

ie. assume that k+ HC)+ HG) +oo + HCk=1Y = k HCE)
Prove *hat +he resudt 05 tene for n=letl.

je. ptove that Ck+0 + H(l)-}-#(z) +.. 4+ H(k-l)-)—H(k):(kH)qu,,)'
s = |+ (ke HO) + H (2) + M1y ) + HCk)

4.

=1+ k H(k) + HC}() %JL"‘)J FAe aJJmapfﬂ'onJ
|+ Ck-H)HCI() ’ }/

_t_t_'.+ (k+:)(l+-z’-+3‘- J"','*"IZ;') |
Ceey(1+ %43 T‘p"“)} v

- RHS
o (ke HCk1) = RHS.
So, by (nduction, the resudd IS fone for nz=2,3, 4, ...

f
M
xIr
™\
o
e

1]

u
N
D
+

v

It U

]



(s)(a) T¥2zx-x'> =, x%0 @

S
Mattiply botn scdes by 2*

<t 2.>c.3-x4'> 2 \/
2%-2x7 L% p2%x <O
-x(x'g'— 25 o x + 2><0\/
x( (x 2>—J(x 2.))<0
( !)Cx 2) <0 /
3¢ (’C“")(x"')(xbz)(:o

/r\.‘j

TLL .So,n'hon '-S / 4
-] €x €0 or |<xc?2, /

(B)Yae P, A8 . Hus

- beos@ on - bros & \/

-asSinl asnd
. bse /
() g, s I8 keesd
tangent acos@-ae — ailaB

- cho.S&M , ”":“""‘2 Z
/ az'MCe-ooSGD br=a’(l -—e)

- ces © C,"‘Cz)__

Q- cos@
Cf“) SMrPOSE. MSP. mtﬂmdeq‘t = —l/
Thea coSQ(' = coS(O — e

%-—-e COSQ"‘/(&"Q

ecos (P = , ] fo that

€3O = gy W o<e< i, Lo

e .

Th:S (§ tmloa.tjcé(g becavse -] ScesB | Lor ”‘/"‘tty{ﬁ

So)f:raw ded 0--#0 w'r SP cannct be pﬂ-rpc-ndacw(m o Ve *’M\ght



Cé)({) €os30 + i5:n30
3
= (cos@+i5un 9—) (d_g Me :,'w‘e)
3 . .
- e0s B 4 3cs®0. 5008 4 3058, Ciin il 40 S0

EQ““ t:'ﬂg real and L.mﬂd l'nNJ parFS,
Cos 36 = c0s%6 ~3c0505:n28 ?%51'43(93 3 ¢as’GscaO-5.40.

) _ Sin 36
C|)) tm 36_ 60539
30526500 @ - 5N 3L9
s 26— 3(e5sG 50020
BtMLg"‘{:Ms& a-rﬂkr Aftflldi'ﬁj '?pm&

] | - 3tan’t T bottomn by s O
Cu:) Let (9‘-‘2 e () s
ot T Bfm,,_-f:m J_;._
+ - |-3fﬂ—n ——'

It Lollows that x- tﬁm'}';‘ LS rool a-f‘!'l\.e ¢7/u4‘fsaq

| Bx.z

—

re. | -3x* = 3x —x?
re. x>-3x2-3x +1 =
nV) By ‘nspection x=-] 1S a rootl of +he e@uahc:q
So (x+t) s a factor of the RHS.
Rl Se the eq/ua'hoa can be
2+ | y} 3-2 -3x+] et ean /

x4 C’C~H>(zz-— 4x+!): O .

4x?-3x
-4x?-4x So tﬁm}jl‘ (S one o?'fkc rootsS
of 22— 4x+ 10

2 <+ |
re. (o~ 2>2: 3)
from which <= Z—t\)'.;,

Jf\\b ,
Y m _
f __But {%-’-—2- <t4m-;—_- _.’)/
T -2-J3

) So {:MLE_—




DAY Lt wzsiante @
Ih = Sazsa.'an-,&,s.,'n@a(tg .'.u’:‘(n—l).s(,'q“'z&cos&
T
. z l e e,
= [—-oo.s&fu,‘n" '9J; / ket vz 5,00
—E— a3 L vwo —~coS O
-~ 5 —&&S&.Ch-})SL‘a 6—505849 /
o

e
c (a-D§T5a"T0 cos O AP

(i) From C,)
T = (n- l>5 Sann-29<l-s¢,‘nat9>o(9

In = (n- ;)(S scn"?8d0 — S Sia 90&9) /
In = (a-) (T, , - a)

(A-D)T, + Ta = Ca-1)Ins
h,I = (ﬂ."l)r -2

' _T,.h_,_,"-;’_‘r s

(;.'Q
T "—3--):(’ 4">< I J}
T % 9 > 75 3 J)WWL-SOSLnGdQ
s
= f-o\s.SQJz
/ = |
A I q 7 5 3 T
o o g X% XTXZXI")_“M Lo = o 46
)
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|
Sa Iﬁx']'—loz q x—l—r-



©)b)

Cf) LAFD: LAEDT®= % Cj.,'ven)) sSo A) F)Emﬁ( _D

o e COnC‘jC(n‘c (Can\t'ﬁt‘.fé 0F Md‘te tm A ,Semq,lCL'rC/e

Cn‘f) Let L DAE = 6. amgles o the Same :-edm..awt
,‘_LDFE:LDAE:@( of ci'rele ADEF /
smd LDBC =LDAC =L DhE=E
“"’"5‘55 ' Seang &ejmﬁwt
C o-? c rele ADcR 4

So LGFB=/6BF = 3 -0 C“mr“"‘—“f"{ﬂ “"‘Jéz-r))/
so AFGB s 'sosceles C‘two e?’ud MjCcJ').

(i) LF6B = 26 (amgle sum of AF6B), } /
So LDGE - 29 CVQ"“’CW% GPPQ,Si'JZ)
_ ongle at centre of cvrcle ADCR
Also LDOE =206 CLS twic LDAE at the Ct‘rcumgg‘.«zﬂm). /

So O,D Eand G are concyclic (“’""eﬁu "'F""”ole.j
4

‘'n 1he Same :cdm_a,nf

. _ T omglesS 'n the .
(iv)L 06D = LOED = (or 20 e e segme t)/
Soe 0G _L.BD,



-ﬁo, k- o, [) 2)...)

X)) PCk) -

k41

56 Ck-l'i)PC’C) IC =0 vﬁar le. = O) {)2 .
Se o= O)l 2, rL are 32r0eS o f /

+he poiﬂnom CJC-FI) PC.:(_) - >C

CH) From C) 4 Lollows that @

C.z-H) F’Cx)- = A sc (= - I>C:>c 2_) Coe ._,L)

Lﬂd&lﬂj - WL\-Q&-E ”A,"tSdCoan.
ceeffeient

L= AGDC-2DC-3) ... (-1~ ")
= 4 - Cavt)!

c )
A= /‘-0 Te
(s ! Stace a s odd

(l.l‘i‘> et ¢z n+| (n @
3 (n,+z)PCn+D-(n+,>:

(nl,u)f (v (a1).. 3.2

P(a+:> - L+ la+)
n+ 2 /




h z 2 2
(-?)Cﬁ)CI) BJ PD‘“““:P'“S, De - Dc 4+ CG)
Se DG‘l: 4+ + wz. .
2 /
Bﬂ Pﬂ‘f%aﬂorau) AG‘z: ADZ-I' D&
14 (++wd)

5+w2

-
—

i

(i) By Py¥magoras, AWz AD'+ DH =z l+w? /
2
Also, O_AZ: CELAG) = -i_*(s.;_wl);on_

So 'a A AOH, bﬂ the coSi'ne f‘u(.e)
2 2 _ 2
CoSold = EA + oH AH

2x OCAXx OH
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